Many real-world networks exhibit degree-degree correlations between nodes separated by more than one step. Such long-range degree correlations (LRDCs) can be fully described by one joint and four conditional probability distributions with respect to degrees of two randomly chosen nodes and shortest path distance between them. While LRDCs are induced by nearest-neighbor degree correlations (NNDCs) between adjacent nodes, some networks possess intrinsic LRDCs which cannot be generated by NNDCs. Here we develop a method to extract intrinsic LRDC in a correlated network by comparing the probability distributions for the given network with those for nearestneighbor correlated random networks. We also demonstrate the utility of our method by applying it to several real-world networks.
I. INTRODUCTION
A network representation is one of the most general and efficient ways to describe systems consisting of elements interacting with each other [1] [2] [3] . In many networks for real-world complex systems, the number of edges from a node, namely degree, widely fluctuates from node to node and often obeys a power-law distribution [4] . Such broad distributions of degrees may bring about distinctive complexity into networks, that is, correlations between degrees of two nodes [5] . Previous works on degree correlations have focused mainly on nearest neighbor degree correlations (NNDCs) between adjacent nodes, because NNDCs in complex networks influence their structural features [6, 7] and dynamical properties [8, 9] . In recent years, however, it has been elucidated that long-range degree correlations (LRDCs) beyond nearest neighbor nodes are deeply related to various properties of networks. In fractal complex networks like the World Wide Web, for example, highly connected (hub) nodes repel each other over long shortest path distances [10] . Distances between hub nodes are known to play an important role also in the spreading of congestion [11] , the existence of an epidemic threshold [12] , and other properties of functional networks [13, 14] . These properties cannot be explained by NNDC. For quantifying such long-range correlations systematically, a framework to analyze LRDCs in complex networks has recently been formulated by introducing several probability distributions describing LRDC [15] . By comparing the probability distributions for a given network with those for the corresponding random networks with the same degree distribution, one can prove the existence of LRDC in the network and obtain detailed information on the LRDC.
It should be emphasized that NNDC generally induces LRDC. Let us consider, for example, a network in which * y-fujiki@eng.hokudai.ac.jp † yakubo@eng.hokudai.ac.jp nodes are randomly connected under the condition that high degree nodes are preferably connected to low degree nodes (disassortative mixing), as shown in Fig. 1 . In this network, two nodes with similar degrees are always separated by an even number of the shortest path distance l. This implies that the network shows longrange assortative mixing at l = 2, 4, · · · . Such an extrinsic LRDC induced by NNDC can also be understood from the fact that maximally assortative or disassortative networks display community structures [6] . In order to extract the influence of LRDCs on structural or dynamical properties of networks separately from the influence of NNDCs, we must identify intrinsic LRDCs that cannot be produced by NNDCs. The previous method [15] , however, does not allow us to distinguish intrinsic LRDCs from extrinsic ones. We provide, in this paper, a method to discriminate between extrinsic and intrinsic LRDCs in a correlated network. To this end, we calculate the probability distributions describing LRDCs in nearestneighbor correlated random networks (NNCRNs) which are maximally randomized networks under the constraint that NNDC is specified. One can identify intrinsic LRDC in a network by comparing the probability distributions with those for its corresponding NNCRNs having the same NNDC as the original network. We also demonstrate the utility of our method by applying it to several real-world networks. The rest of this paper is organized as follows. In Sec. II, we briefly summarize the previous work [15] regarding the general description of LRDCs. Examples of extrinsic LRDCs induced by NNDCs are clearly shown by means of the probability distributions. In Sec. III, we present the mean-field calculation of the probability distributions for NNCRNs in order to extract intrinsic LRDCs. We demonstrate, in Sec. IV, how to interpret the observed LRDCs by applying our method to several real-world networks. Finally, we conclude in Sec. V.
II. IDENTIFICATION OF LONG-RANGE DEGREE CORRELATIONS
In this section, we briefly explain the way to describe LRDCs and to judge the existence of them in complex networks, according to the previous work [15] . We also demonstrate that NNDC inevitably induces LRDC even in a network with no intrinsic LRDCs.
A. Description of LRDC
A general pairwise LRDC can be described by the joint probability distribution P (k, k ′ , l) that two randomly chosen nodes have degrees k and k ′ and the shortest path distance between them is l. Let us assume that P (k, k ′ , l) is defined also for pairs of identical nodes (l = 0) and for disconnected node pairs. Thus,
where the summation over l includes l = 0 and the virtual distance (denoted by l ∞ ) between disconnected pairs. If the distributionP (k, k ′ , l) defined only for connected pairs is required, one can construct it from P (k,
In addition to the joint probability, it is convenient to introduce four conditional probability distributions P (l|k, k ′ ), P (k ′ |k, l), P (k, k ′ |l), and P (k ′ , l|k) which are defined by
The meanings of these probability distributions are obvious. The probability P (l|k, k ′ ), for example, is the shortest path distance distribution between nodes of degrees k and k ′ , P (k ′ |k, l) is the degree distribution of a node separated by l from a node of degree k, and so on. LRDC in a network can be characterized by one of these five probability distributions. We should note that P (k, k ′ , l), P (l|k, k ′ ), and P (k ′ , l|k) are meaningless for networks with infinitely large components, because these distributions are always zero for finite l. The above probability distributions also describe degree correlation between nearest-neighbor nodes. It is well understood that NNDC is captured by the joint probability P nn (k, k ′ ) that two end nodes of a randomly chosen edge have the degrees k and k ′ or the conditional probability P nn (k ′ |k) that a node adjacent to a randomly chosen node of degree k has the degree k ′ [16, 17] . These probability distributions P nn (k, k ′ ) and P nn (k ′ |k) are equivalent to P (k, k ′ |l = 1) and P (k ′ |k, l = 1), respectively. In this context, the probability distributions describing LRDC are a natural extension of P nn (k, k ′ ) and P nn (k ′ |k). In fact, the well-known rela-
. Using the joint and conditional probability distributions, we can define various useful indices reflecting specific aspects of LRDC. For example, the average degree of the lth neighbor nodes of a node of degree k is defined by
which is an extension of the average degree of neighbors of a node of degree k,
. Another example is the average shortest path distance between two nodes of degrees k and k ′ , which is defined by
is the distribution defined only for connected pairs. By means of this index, we can discuss long-range repulsive or attractive correlation between hub nodes. Besides the above, many indices characterizing NNDCs, such as assortativity [5] , can be extended for LRDCs [19, 20] .
B. Existence of LRDC
A network has LRDC if the probability distributions for the network are different from those for a long-range uncorrelated network with the same degree distribution. In the case of nearest-neighbor uncorrelated networks, the joint probability satisfies
, where Q nn (k) = kP (k)/ k is the probability that one end node of a randomly chosen edge has the degree k, P (k) is the degree distribution, and k is the average degree. Analogously, a long-range uncorrelated network is considered to be defined as a network for which the relation
is satisfied for any l, where
is the probability that one node of a randomly chosen node pair separated by l from each other has the degree k. The condition of Eq. (4) can be established if the network size is infinite, while P (k, k ′ , l), P (l|k, k ′ ), and P (k ′ , l|k) are meaningless in such networks. In finite networks, in contrast, the finite-size effect prevents to hold Eq. (4) even in random networks. It is, however, rather practically important to compare LRDC in a given network with that in a random network with the same size and the same degree distribution. Hereafter, a network G is regarded to have LRDC if the probability distributions for G differ from those for the corresponding random network. We denote the probability distribution functions for random networks by adding the subscript 0.
One can analytically calculate the five probability distributions for a random network with a given size N and a given degree distribution P (k) within the mean-field approximation [15, 21] . In this theory, the shortest path distance distribution P 0 (l|k, k ′ ) between nodes of degrees k and k ′ is first computed, then the joint probability distri-
(1) presents the other three conditional probability distributions. Details of the calculations will be explained in Sec. III. The accuracy of the above theoretical calculation is basically quite high, while it becomes relatively poor if the random network is very close to the percolation transition because the mean-field theory assumes a narrow distribution of component sizes. The existence of LRDC in a network G can be proven by comparing P (k, k ′ , l) (or other distributions) for G with P 0 (k, k ′ , l) calculated theoretically for the corresponding random network with the same N and the same P (k) as G.
C. Extrinsic LRDC
Within the above framework, it has been revealed that many real-world networks exhibit LRDCs [15] . As mentioned in Sec. I, observed degree correlations, however, include extrinsic LRDCs which are purely generated by NNDCs. Here we demonstrate numerically how NNDCs induce LRDCs. For this purpose, we prepare nearest-neighbor correlated random networks (NNCRNs) in which nodes are randomly connected while a specific NNDC is preserved. More specifically, we first rewire, referring to the procedure adopted in [6] , edges in an Erdós-Renyi random graph to increase or decrease the Spearman's rank correlation coefficient ̺ defined by [22] 
where R k given by [23] 
is the rank of the degree k. The correlation coefficient ̺ has a similar meaning to assortativity r [5] , but does work well even for heterogeneous networks with the diverging third-order moment of the degree distribution, unlike the case of r. When ̺ becomes a desired value, the assortative/disassortative rewiring operation is switched to a random rewiring procedure while keeping P nn (k, k ′ ). After a sufficient number of random rewiring operations, we have an assortative/disassortative NNCRN with the same degree distribution as the initial Erdós-Renyi random graph. Figure 2 represents the probability distribution P (k, k ′ |l) measured for NNCRNs which are numerically prepared by the above method. The network size is N = 1, 000 and the average degree is set as k = 5.0.
′ alternately changes as l is incremented. This behavior of P (k, k ′ |l) can be easily understood from Fig. 1 . Assortative and disassortative degree correlations shown in Fig. 2 for l ≥ 2 are purely induced by NNDCs, namely, extrinsic LRDCs. The purpose of this work is to distinguish between extrinsic and intrinsic LRDCs in a network with both types of correlations.
III. MEAN-FIELD ANALYSIS
As LRDC in a given network is detected by comparing its probability distributions with those for the corresponding random network, we can identify intrinsic LRDC by comparing with those for the corresponding NNCRN with the same size and the same NNDC. In this section, we analytically calculate the probability distributions for an NNCRN with a given size N and a given P nn (k, k ′ ) within the mean-field approximation and the local-tree approximation. Hereafter, we denote the probability distribution functions for NNCRNs by adding the subscript 1.
We first focus on the shortest path distance distribution P 1 (l|k, k ′ ) between nodes of degrees k and k ′ . Such a distribution for a connected NNCRN has been calculated by Melnik and Gleeson [21] . The distribution P 1 (l|k, k ′ ) for a network with multiple components can be calculated by extending their argument. As mentioned in Sec. II A, P 1 (l|k, k ′ ) is normalized with respect to l including l = 0 and the virtual distance (l ∞ ) between disconnected pairs. In order to calculate P 1 (l|k, k ′ ) both for connected and disconnected node pairs, let us introduce the cumulative probability ρ(l|k, k
Contour plots of the probability distribution P (k, k ′ |l) for NNCRNs with ̺ = 0.8 (upper panels), 0.0 (middle panels), and −0.8 (lower panels) as functions of k and k ′ for l = 1 to 5. The degree sequence is the same as that of Erdős-Rényi random graphs with N = 1, 000 and k = 5.0. This probability is expressed by
whereq(l|k, k ′ ) is the probability that an adjacent node of a randomly chosen node i k of degree k lies within the distance l from a specific node j k ′ of degree k ′ , and q(−1|k, k ′ ) = 0. The prefactor [1 − δ kk ′ /N P (k)] represents the probability that the node i k does not coincide with the node j k ′ . Thus, the right-hand side of Eq. (7) is the probability that at least one of k adjacent nodes of i k ( = j k ′ ) lies within the distance l − 1 from j k ′ . From the definition, the probabilityq(l|k, k ′ ) is given by [21] q(l|k, k
where q(l|k, k ′ ) is the probability that a terminal node i k of a randomly chosen edge lies within the distance l from a node j k ′ of degree k ′ given that i k has the degree k and is closer to j k ′ than the other terminal node of the edge. We notice here that P (k) in Eq. (7) and P nn (k ′ |k) in Eq. (8) are presented by the specified
, respectively. A similar idea to Eq. (7) leads to another relation betweenq(l|k, k ′ ) and q(l|k, k ′ ), which is given by
We can iteratively solve the coupled recurrence equations (8) and (9) with the initial condition,
which is the probability that an adjacent node of i k is the specific node j k ′ itself. The cumulative probability ρ(l|k, k ′ ) is obtained by substituting the solution to Eq. (7).
Although the cumulative probability ρ(l|k, k ′ ) must be symmetric with respect to k and k ′ from the definition, ρ(l|k, k ′ ) given by Eq. (7) is obviously asymmetric. This is due to the asymmetric treatment of the source node j k ′ and sink node i k , and influences the accuracy of the mean-field approximation. For k ′ > k, ρ(l|k, k ′ ) is generally more accurate than ρ(l|k ′ , k) [15] . To improve the accuracy, we first calculate ρ(l|k, k ′ ) for k < k ′ by Eq. (7), then transfer it to ρ(l|k ′ , k). Using the symmetrized ρ(l|k, k ′ ), the probability distribution P 1 (l|k, k ′ ) is then calculated by where
, and for disconnected node pairs
is calculated from the general relation,
Other three conditional probability distributions
, and P 1 (k ′ , l|k) are computed by Eq. (1).
We have checked the accuracy of the above mean-field approximation. To this end, the same networks as in Fig. 2 have been treated. Figure 3 shows P (k, k ′ |l = 5) for (a) ̺ = 0.8, (b) ̺ = 0.0, and (c) ̺ = −0.8. Black wireframes obtained by the mean-field calculation agree quite well with red symbols indicating the corresponding numerical results. It should be noted, however, that the mean-field approximation has poor accuracy if an NNCRN is very close to its percolation transition point. This is because the mean-field treatment ignores the fluctuation of the size of the component containing the source node j k ′ , while the component-size distribution is very wide near the percolation threshold.
IV. REAL-WORLD NETWORKS
In this section, we demonstrate how detailed information on LRDC in a given network can be obtained from the probability distributions. For this purpose, we first analyze contrasting three networks; the Gnutella network [24], Google+ network [25] , and Twitter network [26] . The Gnutella network ( k = 7.4) represents the connection between 10, 876 hosts sharing files by peerto-peer. The Google+ network ( k = 3.3) represents the friendship relation between 23, 628 users of Google+. The Twitter network ( k = 2.8) is comprised of the follower/following relationship between 23, 370 accounts. The average shortest path distances are l = 4.64, 4.03, and 6.30 for the Gnutella, Google+, and Twitter networks, respectively. In analyses of these networks, weights and directions of edges are ignored. Fig. 4 shows the k dependence of the average degree of the lth neighbor nodes k l (k) defined by Eq. (2) for these networks. The probability distribution P (k ′ |k, l) is measured directly from the network data. Dashed black lines and red solid lines indicate k l (k) for corresponding random networks and NNCRNs obtained from P 0 (k ′ |k, l) and P 1 (k ′ |k, l), respectively. The probability distributions P 0 (k ′ |k, l) and P 1 (k ′ |k, l) are calculated analytically by using P (k) and P nn (k ′ |k) of the original networks. Gray symbols for the Gnutella network coincide with the dashed black and solid red lines for any l from l = 1 to 5, which means that the Gnutella network is totally uncorrelated. In contrast, the results for the Google+ and the Twitter networks deviate from k l (k) for their corresponding random networks (dashed black line) at least for l ≤ 3. This implies that these networks exhibit LRDCs. The result for the Google+ network agrees well with that for the corresponding NNCRN (solid red line) for any l. Therefore, we can conclude that the LRDC in the Google+ network is induced by an NNDC, i.e., the LRDC is extrinsic. On the other hand, k l (k) for the Twitter network differs from both the dashed black and solid red lines for l ≥ 4, which indicates that the LRDC in the Twitter network is intrinsic. As illustrated by these examples, real-world networks are classified into three types: uncorrelated networks, only nearest-neighbor degree correlated networks (extrinsically long-range correlated networks), and intrinsically long-range correlated networks. We have analyzed many other real-world networks than the above three and found that most of them exhibit intrinsic LRDCs.
Symbols in
In order to understand more deeply how degrees correlate in a network with intrinsic LRDC, we measure the average shortest path distance between two nodes of degrees k and k ′ defined by Eq. (3). It is convenient to introduce the rescaled average shortest path distance 
where the denominator is the average path distance for the corresponding NNCRN. Figure 5 shows the results for three real-world networks, the Fig. 4 . The protein folding network representing the transition relation between protein structures has 132, 167 nodes and k = 3.5. For the WWW, comprised of web pages in the domain of the University of Notre Dame, N = 325, 729 and k = 6.7. We confirmed that these three networks possess intrinsic LRDCs. The results of l(k, k ′ ) res for these networks are, in common, larger than those for the corresponding NNCRNs (flat meshed planes). This implies that the average path distances of the original networks are on average enlarged by their intrinsic LRDCs. Concerning the Twitter network, l(k, k ′ ) res is evenly enlarged almost independently of k and k ′ . In contrast, for the protein folding network, the increase of l(k, k ′ ) res for low k and k ′ is much larger than that for high degrees. This implies that there exists long-range repulsive correlation between low degree nodes in the protein folding network. On the other hand, l(k, k ′ ) res for the WWW is notably enlarged at high k and k ′ . This shows that the WWW has long-range repulsive correlation between high degree nodes. As demonstrated above, we can obtain detailed information on LRDCs in complex networks by comparing indices defined from the probability distributions with those for corresponding random networks and NNCRNs.
V. CONCLUSIONS
We have presented a method to distinguish extrinsic long-range degree correlations (LRDCs) induced by nearest-neighbor degree correlation (NNDC) and intrinsic ones attributed to other factors. In a previous work, it has been shown that the existence of LRDC in a given network G is confirmed by comparing the probability distributions describing the LRDC in G with those for corresponding random networks which have the same number of nodes N and the same degree distribution P (k) as G [15]. Similarly, whether LRDC is extrinsic or intrinsic can be identified by comparing the probability distributions with those for corresponding nearest-neighbor correlated random networks (NNCRNs) which are maximally randomized under the constraint of the same N and NNDC as G. We have given a way to calculate the probability distributions for an NNCRN with a specific N and NNDC within the mean-field approximation. The analytical results agree quite well with numerically calculated ones. Finally, we applied our method to several real-world networks and found that most of networks in the real world are intrinsically long-range correlated though there exist uncorrelated and extrinsically long-range correlated networks. Furthermore, we demonstrated that some indices defined from the probability distributions are useful to interpret how degrees correlate in a network with intrinsic LRDC.
It is well known that various properties of complex networks are deeply related to NNDCs. For instance, the robustness [29] and synchronizability of networks are affected by NNDC [30] , and fractal scale-free networks show nearest-neighbor disassortative mixing by degree. It is interesting to reveal how these properties are related to intrinsic LRDCs such as long-range repulsive correlation between hub nodes. Such studies require efficient indices to extract specific aspects of intrinsic LRDCs. We have employed, in this paper, the average degree of the lth neighbor nodes k l (k) and the rescaled average shortest path distance l(k, k ′ ) res to characterize intrinsic LRDCs. One can define many other useful indices from the joint and conditional probability distributions. By utilizing these indices, we can understand precisely the relation between network properties and LRDCs.
